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           Abstract 
 
This paper is divided into two parts.  In the first part physical meanings and some 
other aspects of wind and the driving forces are reviewed.  These includes types of 
driving forces, sources for wind production, boundary layer effects, roughness and 
surface structure effects, and the types of wind in the nature.  In the second part we first 
focus on the effect of surface structure, roughness and surface waviness, and several 
experimental, computational and mathematical investigations that have been done by the 
present and other authors in the past for both laminar and turbulent shear flows, are 
reviewed.  Next, a mathematical model of moderate wind over general types of surface 
structures is considered and studied under some reasonable conditions.  This 
mathematical model, which is based on a relevant system of partial differential equations 
and Fourier analysis, is investigated briefly here using perturbation and weakly nonlinear 
methods, and the mathematical features and the qualitative results are then presented.  It 
was found, in particular, that surface structures can have significant influences on various 
features of the wind such as stability, instability, amplitude, scales, patterns, mode 
excitation and resonance. 
 
1. Introduction 
 
 This paper reviews some recent studies and the subsequent results by a number of  
authors on the effects of surface roughness, waviness, corrugations and structures on 
laminar and turbulent flows and then consider a mathematical model for the flow of air 
over a surface structure and applies it to the case of a moderate wind and the associated 
driving forces.  The subject of wind and its driving forces is of great interest and 
importance in our daily living on Earth.  In particular, some mathematical and qualitative 
understanding of violent types of wind, such as tornado, thunderstorm and hurricane, 
which are reviewed briefly below, can be quite useful to gain some primary physical 
insight on the subject matter, which could stimulate fully future investigations, in both 
qualitative and quantitative aspects, of the actual physical problems in applications.  
   
 To provide the reader in mathematics areas some preliminaries on the subject 
matter, we first review briefly here in simple words some basic aspects of the wind and 
the associated fluid mechanics information.  Strictly considering, wind that is 
experienced by anyone, is the air movement along the Earth’s surface.  The violent types 
of wind are those which require primary studies for their understanding and hopefully 
finding ways to control their motions.  Tornados are powerful rotary (vortex) motions, 
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which are actually due to the strong interactions between the up-flow unstable rotating 
warm and moist air and the overlying stable layer of air.  Depending on the severity of 
the tornado, wind speed can vary between 42 mph to 318 mph.  Here by a vortex, we 
mean roughly a bounded type motion whose projection on a plane normal to its core 
shows circular or spiral pattern.  Thunderstorms are large size unstable warm and moist 
air that rotate and move upward.  Wind shear, which is the amount of change in the wind 
direction or speed with respect to altitude, can make the storm stronger.  Sever weather 
occurs when the wind shear is more significant.  Hurricanes are formed from 
thunderstorms and are due to strong interactions between the oceanic and the atmospheric 
motion.  They are tropical cyclones (low pressure systems), which circulate with winds 
exceeding about 74 mph.  Heat and moisture from the warm oceanic water (above about 
81 degrees Fahrenheit) is the source of energy for the hurricanes.  Hurricanes usually 
weaken rapidly when they travel over the land or regions of colder oceanic waters, that is, 
regions with insufficient heat or moisture.  
 
 Winds are driven by forces, which can be thought roughly as a push or a pull of 
air particles.  These forces can be pressure gradient forces, which are due to a change in 
the air pressure over a distance, centrifugal and Coriolis forces due to the Earth’s rotation 
about its axis of rotation and frictional forces due to the Earth’s surface roughness or 
structures such as buildings, trees, cars, bridges, etc.  Frictional forces are strongest 
within the region near and adjacent to the Earth’s surface, which is also called boundary 
layer region.  Roughness, viscous effects, surface structures and turbulence can all be 
significant within the boundary layer zone.  Turbulence can be thought here of mixing 
action in the flow field.  This mixing is due to eddies of varying sizes within the air flow.  
Turbulence adds continuously fluctuating components of the air velocity to the flow.  
Turbulent velocity is irregular in time and space.  Gusts of wind are the result of large-
scale eddies that at times reinforce and at other times subtract from the mean wind 
velocity.  
 
 Shape of the mean velocity profile of the wind can depend on the degree of 
surface roughness.  Deviations of the air flow velocity from the mean air flow velocity, 
like gusts, waves and fluctuations, have various discrete or continuous modes over a wide 
range of amplitudes, frequencies, wave numbers, length scales and time scales.  Surface 
roughness, surface structures, such as buildings, forests, bridges, etc, surface 
topographies, such as hills and valleys, and thermal instability, where hot air layer is 
under a cold layer, for example, can all produce turbulence in air. 
 
 Each structure has its own natural frequency, which may lead to structural 
damage when the structure is under certain external force whose frequency matches the 
natural frequency leading to the so-called resonance.  Also certain periodic gusts in the 
wind may find resonance with the natural frequency of a structure that they encounter, 
leading to possible destructive oscillations.  For more information on the air motion, the 
reader is referred to Batchelor (1970) and Holton (1972). 
 
 In the next section we briefly review the studies that have been done by a number 
of authors in the past and, in particular, the mathematical modeling efforts in recent years 
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by the present author (Riahi, 1996, 1997, 1998a-b, 1999a-b, 2000, 2001a-b, 2002), to 
study the effects of surface structures, roughness and surface waviness on both laminar 
and turbulent flows.  In the section 3, as a first step to study mathematically a wind and 
its driving forces, we consider a relatively simple mathematical model of a moderate 
wind in a layer over Earth’s surface structure, analyses the problem, present the method 
of solution to the associated system of partial differential equation and present the results.  
In the section 4 some concluding remarks are provided.     
 
 
2. Some previous relevant studies 
 
 Notable early works were due to Miles (1957, 1959) and Benjamin (1959).  Miles 
studied the generation of linear two-dimensional surface waves by linear two-
dimensional inviscid (frictionless) shear flows.  He found, in particular, that the rate at 
which energy is transferred to a wave of speed c is proportional to the basic flow (original 
flow in the absence of wave) profile curvature at that elevation where the basic flow 
velocity equals c.  His inviscid theory was extended later (Miles, 1959) to include the 
viscous effects.  Benjamin (1959) studied two-dimensional linear shearing flows bounded 
by a two-dimensional simple-harmonic wavy surface.  His main objective was to 
determine the normal and tangential stresses on the boundary. 
 
 More recently, Sykes (1980), Smith et al. (1981) and Hunt et al. (1988) carried 
out asymptotic analyses of the linear changes induced in a boundary layer flow over an 
undulating surface.  The analyses have been of the type developed by Stewartson (1974) 
which inspired a number of authors including the present author (Riahi, 1977, 1978, 
1981, 1994; Riahi and Vonderwell, 1994) to carry out related asymptotic analyses to 
describe various types of flows.  Belcher et al. (1993, 1994) and Belcher and Hunt (1993) 
extended earlier turbulent flow analyses (Sykes, 1980; Hunt et al., 1988) to study 
turbulent shear flow over slowly moving waves (Belcher and Hunt, 1993) and to 
determine dynamics of wind waves in coupled turbulent air-water flow (Belcher et al., 
1994). 
      
 Prior to Riahi (1997) few theoretical studies were done on the effect of surface 
structures on the shear flows despite the fact that surface corrugations and roughness 
elements are known (Schlichting, 1979; Morkovin, 1983; Wikinson and Malik, 1983; 
Waitz and Wilkinson, 1988) to affect flow instabilities and transition to turbulence.  In 
particular, transition sites are found to shift to locations where significant roughness 
elements exist.  Wilkinson and Malik (1983) showed that stationary disturbances can 
originate from isolated roughness on a rotating disk and that vortex patterns emerge only 
when the different wave packets have spread and filed the entire disk circumference.  
Other experimental studies (Muller and Bippes, 1988; Rodeztsky et al., 1994) indicated 
that stationary shear flow modes can be caused or manipulated by the roughness and 
waviness of the surface and that shear flow modes can be enhanced by selected boundary 
perturbations.  Gong et al. (1996) studied flow over two rough rigid undulating surfaces 
that comprise 16 small amplitude spanwise-independent sinusoidal waves.  Here and 
thereafter by streamwise, transverse and spanwise directions we mean, respectively the 
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direction of the original base flow, direction perpendicular to the streamwise and average 
location of the surface and the direction perpendicular to the transverse and streamwise 
directions in a right-handed sense.  Steady circulations with vorticity, which is 
mathematically magnitude of curl of velocity vector, aligned with the mean motion, were 
observed by the fourth wave, at which point the flow was approximately periodic.  
However, circulations were observed only above the smoother waves where the flow 
remained attached.  With rougher waves it separated in the troughs. 
 
 There have been a number of experiments and numerical simulation studies in the 
past two decades or so (Zilken et al., 1977; Thorsness et al., 1978; Buckles et al., 1984; 
Abrams and Hanratty, 1985; Fredrick and Hanratty, 1988; Bandyopadhyay and Watson 
1988; Krettenauer and Schumann, 1992; Adrian et al., 1992; Grass et al., 1993; Hudson 
et al., 1996; Angelis et al., 1997; Warholic, 1997; Manhart, 1999; Tomkin, 2000) that 
have indicated significant effects of roughness element or surface waviness on the near 
wall turbulent shear flow structures. 
 
 Acarlar and Smith (1987) investigated experimentally boundary-layer flow in the 
presence of a hemisphere on the wall.  They discovered two types of vortices: one a 
standing-type vortex, which was due to the presence of the hemisphere, and the other 
were non-standing type vortices, which induced low-speed motion near the wall.  Grass 
et al. (1993) investigated experimentally turbulent flow over both smooth and rough 
boundaries. They found vortices over the rough boundary.  Over large roughness 
elements, the dominant spanwise wavelength of the streamwise velocity fluctuations was 
found to be the same as the spanwise spacing of the roughness elements.  Angelis et al. 
(1997) studied computationally turbulent flow over a wavy wall.  The velocity 
fluctuations in the streamwise direction were decreased in a region near the wall.  Quasi-
streamwise vortices were found to initiate in the region downstream of the troughs of the 
wavy wall.  The extent of these vortices was found to scale with the wavelength of the 
wavy wall.  Tomkins (2000) investigated experimentally turbulent flow in the presence of 
a full array of hemispheres on the wall.  The increase in wall friction over the rough 
surface was found to cause a decrease in the turbulence fluctuations.  The roughness 
elements with larger height affected the flow more significantly than those with smaller 
height.  Vortices were observed to occur much more frequently over the roughness 
elements than over the smooth surface.  Vortices generated by the roughness elements 
were found to take on the scale of the roughness elements.  Also streamwise length-scales 
were found to be reduced due to the presence of roughness elements. 
 
 Some relevant research works, which were carried out by the present author in 
recent years, are described briefly as follows.  Riahi (1997) investigated stability of 
rotating disk boundary layer flow over a simple rough surface using weakly nonlinear 
method (Drazin and Reid, 1980) where the value of the controlling stability parameter 
(Reynolds number R) was closed to its critical value Rc below which no linear instability 
of the basic state primary motion is possible.  It was found, in particular, that certain new 
types of secondary solutions can become stable only for particular forms of the amplitude 
and length scale of the surface roughness.  Here and thereafter by secondary motion we 
mean compoment of the total motion that is arisen as the result of the instability of the 
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original basic flow.  Riahi (1999) and Riahi (2001a) used asymptotic and scaling analyses 
at high R (R>>1) to investigate theoretically channel flow over a wavy wall for flow in 
laminar regime and over a rough wall for turbulent flow regime, respectively.  It was 
found, in particular, that certain wavy or rough boundaries are stabilizing, while some 
other types may be destabilizing.  Riahi (2001, 2002) investigated the effect of a 
boundary corrugated surface on the laminar shear flow.  He used perturbation and weakly 
nonlinear approaches to determine the results about the effects of such boundary on the 
flow.  He found, in particular, that a resonance condition can lead to preference of a flow 
solution, provided the wave number vector of such solution is the same as the wave 
number vector of one of the mode generating the shape of the corrugated boundary. 
 
3. Mathematical model  
 
 We consider the governing partial differential equation for momentum and mass 
conservation (Batchelor, 1970) for a planar shear flow layer of air, which we refer to as 
wind, of average depth d over a surface structure.  The air layer is assumed to be rotating 
with constant angular velocity Ω about its axis of rotation, which is in the transverse 
direction perpendicular to the top plane of the average depth of the layer.  
Compressibility effect of a layer of wind of moderate strength is expected to be 
negligible.  Even for wind at speed of 42 mph, which corresponds to the speed of a low 
speed tornado, the Mach number is about 0.05<<1.  At any rate, we regard the layer of air 
here as a layer of incompressible fluid with uniform density, as such idealization has been 
assumed before in the case of the atmosphere (Batchelor, 1970).  The rotational effect 
due to the rotating Earth introduces two fictitious Coriolis and centrifugal forces to act on 
the air layer.  However, in a fluid of uniform density the centrifugal force can be written 
as gradient of a scalar and be combined with the pressure-gradient term in the momentum 
equation (Batchelor, 1970). 
 
 Using a Cartesian system of coordinate x*, y*, z*, with z*=0 being the averaged 
location of the surface structure, we assume that the coordinate system is embedded into 
the air layer and is moving with angular velocity Ω about the z*-axis.  We non-
dimensionalize the governing partial differential equations by using d, U, d/U and ρU as 
scales for length, velocity, time and modified pressure, respectively.  Here U is an 
appropriate velocity scale, which is chosen here to be the maximum wind speed, and ρ is 
the uniform density of the air.  The non-dimensional form of the governing equation 
(Batchelor, 1970) then can be written in the form 
  
             (∂/∂t+u.∇)u= -∇P+(1/R)(Tu×z+∇2u),                                         (1a) 
 
                             ∇.u=0,                                                                (1b) 
 
Here u=(u, v, w) is the velocity vector, P is the modified pressure, t is the non-
dimensional time variable, z is a unit vector in the positive direction of the z-axis, 
T=Ωd2/ν is a rotational parameter and R=Ud/ν is the Reynolds number, where ν is the 
kinematic viscosity.  In general the non-dimensional dependent variables u and P are 
functions of the non-dimensional independent variables x, y, z and t. 
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 We shall measure the strength of the wind in terms of its maximum speed U only, 
so that the layer thickness d is assumed to be fixed.  We designate the original basic wind 
velocity vector and the modified pressure gradient, which exist initially in the absence of 
any perturbation, by ub and ∇Pb, respectively, and assume that they vary at most with 
respect to the z-variable.  We also assume that the height δ in the z-direction of the 
surface structure is small (δ<<1).  We now write u=ub+u’, P=Pb+P’, where u’ and P’ are 
the velocity vector and the modified pressure for the perturbations superimposed on the 
basic flow.  The governing partial differential equations for the perturbation variables can 
then be obtained by using the above expressions for u and P in the equations (1a, b) and 
subtracting from the resulting equations the corresponding equations for the basic flow.  
The resulting equations are 
 
                    (∂/∂t+ub.∇)u’+u’.∇ub+∇P’+(1/R)(Tz×u’-∇2u)= -u’.∇u’,                         (2a) 
 
     ∇.u’=0.          (2b) 
 
The boundary conditions for (2a, b) are             
 
                 u’= -∑m=1 [(δh)m /m!](∂m/∂zm)(ub+u’) at z =0,                                    (3a) 
 
               u’=0 at z=1,                                                                     (3b) 
 
where h(r) is the shape function for the surface structure, which is, in general, a function 
of the horizontal variable vector r=(x, y), and δh is the structure height.  We have 
assumed that the boundary conditions uu and ul for the total flow velocity vector u at the 
upper and lower boundaries, respectively, are prescribed constants.  Conditions (3a, b) 
are obtained by the consideration that the base flow velocity vector assumes the value ul 
and uu at z =0 and z =1, respectively, since the structure on the lower boundary 
introduces simply surface perturbations which contribute to the perturbation system only.  
The terms in the right-hand side of (3a) arise simply by the contributions of the higher-
order terms in a Taylor-series expansion about z =0 of the total velocity vector which are 
due to the surface structure. 
 
 We shall assume that the shape function for the surface structure can be 
represented by  
 
                     h(r)=∑ n=-MM AnEn ≡∑ n=-MM An exp(ijn.r),          (4)  
 
where i=√-1, M is a positive integer, which may be sufficiently large for particular 
structures, and the horizontal wave number vectors of the structure satisfy the properties 
 
     j-n= -jn.                                                                  (5) 
 
The amplitude coefficients An satisfy the condition 
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     An* =A-n,            (6) 
 
where “asterisk” indicates complex conjugate.  Conditions (5)-(6) ensure that expression 
(4) for h is real. 
 
 From the previous studies (Riahi, 2001b), it is anticipated that effective surface 
structure can be possible if km=jn for at least some m and n.  Here km is the wave number 
vector of the wind.  We consider first the so-called critical regime where R≈Rc and ε=δ1/3  
(Riahi, 1995), where ε is the magnitude of the amplitude of the perturbation motion.  
Later we briefly cover investigations for some other cases where ε could be of different 
order from that for δ1/3. 
 
 Applying the weakly nonlinear theory (Drazin and Reid, 1980), we define the 
slowly varying time τ 
 
     τ=δ2/3 t,            (7) 
 
and pose expansions for u, P and R in powers of  λ≡δ1/3  
              (u, P, R)=(0, 0, R0)+λ(u1, P1, R1)+λ2(u2, P2, R2)+….         (8) 
 
Using (7)-(8) into (2)-(3) and disregarding the quadratic perturbation terms, we find the 
linear problem whose system admits solution of the form 
 
                (u1, P1)=∑ n=-NN [u1n(z), P1n(z)]BnFn,          (9)  
 
where 
 
       Fn=exp(ikn.r),          (10) 
  
The amplitude function Bn(τ) satisfies condition of the form (6) that was satisfied by An.  
The horizontal wave number vectors kn=(αn, βn) of the perturbation satisfy the condition 
of the form (5) that was satisfied by jn.  The coefficient functions u1n and P1n satisfy the 
condition of the form (6) and are obeyed by a system, which can be derived by using (9) 
in the linear system.  This system of ordinary differential equations and similar types of 
systems, which are involved in the present study, will not be given here but will be 
reported elsewhere.  
 
 The weakly nonlinear method requires us to consider the adjoint linear system 
whose solution can be written in the form 
 
   (u1^, P1^)=∑ n=-NN [u1n^ (z), P1n^ (z)]BnFn,        (11) 
 
where the above z-dependent coefficients satisfy the condition of the form (6) and are 
obeyed by a system, which will not be given here but will be reported elsewhere. 
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 Following Riahi (2001b), the solution to order λ2 can be written.  Forming the 
solvability condition, which states that non-homogeneities must be orthogonal to the 
solution of the adjoint linear system (Drazin and Reid, 1980), for the order λ2 system, we 
find  
 
     R1=0.           (12) 
 
 In the order λ3, the boundary conditions at z =0 are no longer zero, in general, as 
can be seen from (3a).  The solvability condition for this order then yield the following 
system of ordinary differential equations for Bn   
 
 (d/dτ-R2an–cn |Bn|2 -∑ m, m≠± n emn|Bm|2)Bn=bn∑ m Am<Fn* Em>,  
 
                                                                                (n=-N, …, -1, 1, …N),          (13) 
   
where the angular bracket <  > denotes an average over the wind layer.  The expressions 
for the constant coefficients in (13), which are generally lengthy, will not be given here 
since the qualitative results of the present problem do not require the use of the specific 
form of these coefficients, but they will be reported elsewhere.  It should be noted that 
these coefficients are, in general, functions of the rotational parameter T.  For Earth, Ω 
has the value of about 7.3 (10-5) rad/s (Batchelor, 1970).  The kinematic viscousity ν of 
air at about 59 degrees Fahrenheit is about 1.46 (10-5) m2/s (Roberson and Crowe, 1980).  
So for a layer of fixed height d, T=5.105 d2 per meter2.  Since the present paper considers 
and seeks only qualitative features of the wind over a fairly general form of the surface 
structure, where the amplitude coefficients and the wave number vectors in (4) can take 
almost any assigned values for any given surface structure and accordingly affect the 
coefficients in (13) in so many different ways, the constant value of T turns out to be 
rather of minor significance in the present qualitative study. 
 
 To distinguish the physically realizable solutions(s) among all the solutions of 
(13), the stability of Bm (m=-N, …, -1, 1, …, N) with respect to disturbances Cm(τ) are 
investigated.  The system of the ordinary differential equations for the time-dependent 
disturbances is given by 
 
(d/dτ-R2an-2cn|Bn|2)Cn=cnBn2Cn* +∑ m, m≠± n em(|Bm|2Cn+BmBnCm* +BnBm* Cm), 
 
   (n=-N, …, -1, 1, …, N),          (14)  
 
where Cn also satisfies the condition of the form (6). 
 
 It can be seen from (13)-(14) that the surface structure affects the wind solutions 
directly as the source term in (13), while the surface structure affects the disturbances 
indirectly through the wind solutions.  It is seen from (13) that the structure can be 
effective only if there is at least one m for which jm=kn, otherwise the surface structure 
contribution term in (13) vanishes. 
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 We studied solutions for (13) for particular low values of N and given values of 
An in the effective surface structure case and found that such solutions yield negative 
growth rate based on (14) for sufficiently large |R2| and R2<0 implying stable secondary 
wind solution, which is a solution of the perturbation superimposed on the basic wind, 
and here is due to the surface structure.  On the other hand, unstable secondary wind 
solution results for sufficiently large R2>0. 
 
 There are different types of preferred single- or multi-mode secondary wind 
solutions that can be possible for effective surface structure.  For example, suppose there 
are two surface structured wave number vectors j1 and j2, which are equal to two wave 
number vectors k1 and k2, respectively, on the neutral stability curve for the stationary 
modes for one given R0>Rc.  Then the preferred secondary wind can consist of a double-
mode along the two wave number vectors exhibiting, in general, an irregular rectangular 
pattern.  The pattern can be irregular since it is z-dependent and the magnitudes of the 
two vectors are not generally equal. 
 
 Finally, let us consider briefly other particular ε=δ1/n cases for n≠1/3 (n=a positive 
integer).  For n>3, the magnitude of the surface structure is so small that all the main 
results follow, up to order λ3, without consideration of the boundary structure.  For n=1, 
the trivial result that the structure control the linear secondary solution follows and will 
not be presented here.  For n=2, one need to define τ like  
 
     τ=δ0. 5 t.          (15)     
 
In the order δ0. 5, the same linear problem as the one presented earlier follows.  In the 
order δ, the preference of steady secondary solution can be followed by the surface 
structure as in the earlier case discussed above.  The steady solutions for Bn (n=-N, …, -1, 
1, …, N) are then determined in terms of An and R1, which is now non-zero, and these 
solutions are stable with respect to Cm for sufficiently large |R1| and εR1<0.  The 
solvability condition in the order δ then determines R1, R2 and Bn in terms of Am, and the 
preferred solutions are those which are stable and correspond to the smallest value of R. 
 
4. Concluding remarks 
 
 The results of the present qualitative investigation of the effect of surface 
structure on the wind, which was based on particular mathematical model, indicate that 
the Earth’s surface structures can have significant influence on the amplitude, scales, 
pattern and secondary mode excitation of the wind.  Stationary surface structures, such as 
those considered here, were found to affect the spatial features of the wind.  It should be 
noted that even though the secondary wind solutions, can, in general, be due to both 
steady and time-dependent modes, the stationary surface structure can be effective only 
on the secondary steady modes of the wind. 
 
 The question of how a secondary solution of the wind can be preferred and stable 
by the surface structure, can be answered by the results of the present study, which can 
complement earlier results in thermal convection studies (Riahi, 1995).  The secondary 
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solution in the present studied case of resonant wavelength excitation for the steady 
modes can become stable and preferred if it can make R as small as possible, includes at 
least a mode with the same phase angle and the wave number vector as the one of the 
steady mode of the surface structure, which has the largest possible value of the 
amplitude.  
    
 The present study was restricted to stationary surface structures, discrete 
stationary modes and the so-called resonant wave number excitation case (Riahi, 2001b).  
Further extensions of the present study, which will be left to future studies, include 
qualitative studies for cases of moving surface structures, non-discrete (Riahi, 1996) 
stationary and non-stationary modes and non-resonant wave number excitation cases. 
 
 In application areas the next important extensions of the present study are to 
consider wind at much higher values of R in turbulent regime (Riahi, 2001a) and making 
use of sets of data for actual structures on land, such as buildings, bridges, vehicles, etc, 
in order to determine qualitative as well as quantitative results on the effects of specific 
surface structures on more realistic cases of wind of higher degrees of strength.  Such 
studies for both stationary and moving surface structure extensions, which will be left to 
future work, could provide us further understanding of the way we could hopefully 
suppress or at least control the strong wind motions, which are destructive and quite 
undesirable to form and operate especially in cities and other populated areas.  
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